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Abstract 

<D 

["T ! We revisit the U(l) duality-invariant nonlinear models for M = 1 and M = 2 

vector multiplets coupled to off-shell supergravities. For such theories we develop 
t-h new formulations which make use of auxiliary chiral superfields (spinor in the M = 1 

i case and scalar for N = 2) and are characterized by the remarkable property that 

f^h U(l) duality invariance is equivalent to the manifest U(l) invariance of the self- 

interaction. Our construction is inspired by the non-supersymmetric approach that 
was proposed by Ivanov and Zupnik a decade ago and recently re-discovered in the 
form of twisted self-duality. 
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1 Introduction 



Motivated by patterns of duality in extended supergravity theories [U |2] (for a recent 
comprehensive review, see [3]), and also extending the famous 1981 work by Gaillard and 
Zumino [J], the general theory of duality-invariant models for nonlinear electrodynamics 
in four dimensions was developed in the mid-1990s [5J EJ [TJ |S|. Given such a model 
described by a Lorentz invariant Lagrangian L(F ab ), with F ab the electromagnetic field 
strength, the condition for invariance under U(l) duality rotation^] 

5 F a b = AG a fe , SG a b = ~ ^F ab (1.1) 

proves to be equivalent to the requirement that the Lagrangian should obey the equation 



G ab G ab + F ab F ab = , (1.2) 

where 

G a b{F) := \ e abcd G cd (F) = 2 , G(F) — F + 0(F 3 ) . (1.3) 

The self-duality equation (1.2) was originally derived by Gibbons and Rasheed in 1995 
[5]. Two years later, it was re-derived by Gaillard and Zumino [7] with the aid of their 
formalism developed back in 1981 jl] but originally applied only in the linear case. The 
self-duality equation (1.2) can be reformulated in a form suitable for theories with higher 
derivatives [2] (see also [15] for a recent discussion with examples). 

As field theories, the models for nonlinear electrodynamics with U(l) duality invari- 
ance possess very interesting properties [8] reviewed in [H] and later in [3] . First of 
all, the energy-momentum tensor is duality- invariant. Secondly, the action is automati- 
cally invariant under a Legendre transformation, and this is one of the reasons why the 
duality-invariant theories may be called self-dual. Thirdly, although the Lagrangian is 
not invariant under the duality rotations (1.1), 

5L= l -\(G ab G ab -F ab F ab ) , (1.4) 

the partial derivative dL/dg with respect to any duality- inert parameter g is invariant 
under (1.1). In fact, the duality invariance of the energy-momentum tensor is a corollary 
of this general statement. It is worth pointing out that for any solution L(F ab ) of the 
self-duality equation and a real parameter g, the Lagrangian 

L(F ab ) := - 2 L{gF ab ) (1.5) 
T 

1 For early approaches to electromagnetic duality rotations see [9l[T0]. For alternative formulations of 
duality symmetric actions see [TTJ [TU [T3] and references therein. 



1 



is also a solution of (1.1). 

The concept of self-dual nonlinear electrodynamics was generalized to the cases of 
M = 1 and M = 2 rigid supersymmetric theories in [TO] . This generalization has turned 
out to be very useful, since the families of actions obtained include all the known models 
for partial breaking of supersymmetry based on the use of a vector Goldstone multiplet. 
In particular, the M = 1 supersymmetric Born-Infeld action [IT], which is a Goldstone 
multiplet action for partial supersymmetry breakdown A/ - = 2 — >■ A/" = 1 [TS1 [T9"] is, at 
the same time, a solution to the M = 1 self-duality equation [21 [T6]. Furthermore, the 
model for partial breaking of supersymmetry A^ = 4 — )■ A" = 2 [20], which nowadays 
is identified with the M = 2 supersymmetric Born-Infeld action, was first constructed 
in [2] as a unique solution to the Af = 2 self-duality equation possessing a nonlinearly 
realized central charge symmetry. The models for self-dual nonlinear supersymmetric 
electrodynamics [T4"l [16] were generalized to M = 1 supergravity in |2l] and recently to 
J\f = 2 supergravity [22] . 



The self-duality equation (1.2) is a nonlinear differential equation on the Lagrangian, 
and thus its general solutions are difficult to construct explicitly. The most famous exact 



solution of (1.2) is the Born-Infeld Lagrangian 

L B i(F ab ) = \{l " V- det(ri ab + gF ab )} , (1.6) 

with g the coupling constant. 

A decade ago, Ivanov and Zupnik [2H [25] proposed a reformulation of nonlinear elec- 
trodynamics, L(F ab ) — > L(F ab , V ab ), which makes use of an auxiliary bivector V ab = —V ba , 
the latter being equivalent to a pair of symmetric spinors, V a p = Vp a and its conjugate 
V^o. The new Lagrangian L is at most quadratic with respect to the electromagnetic 
field strength F ab , while the self-interaction is described by a nonlinear function of the 
auxiliary variables, £ int (V^), 

L(F ab , V ab ) = l -F ab F ab + l -V ab V ab - V ab F ab + L int (V ab ) . (1.7) 

The original theory L(F ab ) is obtained from L(F ab , V ab ) by integrating out the auxiliary 
variables. In terms of L(F ab ,V ab ), the condition of U(l) duality invariance was shown 
[24^ 125] to be equivalent to the requirement that the self-interaction 

L int (V ab ) = L int (u, u), v:= V a ?V af} (1.8) 

is invariant under linear U(l) transformations v — > e lv V, with pel, and thus 

L iat (v,u) = f(vu) , (1.9) 
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where / is a real function of one real variable. As a result, the Ivanov-Zupnik formulation 
allows one to generate, in principle, all solutions of the self-duality equation. At first 
sight, this approach appears somewhat mysterious. However its origin becomes more 



transparent if we recall some general features of all solutions of (1.2) discussed in [5J IT4] . 

First of all, it is worth recalling another useful representation for the Lagrangian 
L(F a b) and for the self-duality equation, following [14] . Since in four dimensions the 
electromagnetic field has only two independent invariants, 

a = - A F ah F ab , (3 = - A F ab F ab , (1.10) 

the Lagrangian L(F ab ) can be considered as a real function of one complex variable 

L(F ab )=L(u,u) , u = a + if3. (1.11) 

The theory is parity invariant iff L(u,u>) = L(p,u). If the theory is duality invariant, 
then L(u,uj) can be shown [13] to have the form 

L(lj, u) = — - (u + u) + ww A(lj, u) , A(cj, ui) = const + 0(|u;|) , (1-12) 



where the interaction A(u,u) is a real analytic function. The self-duality equation (1.2) 
turns into 



Im ^(u A) - ou (d^u A)Y^ =0 , (1.13) 



with d w = d/doo. For the Born-Infeld Lagrangian (1.6), we have 



A B i(w,w) = ; 92 . (1.14) 



l + Mw + ai) + Wl + g\u + tu) + ^(u - Q) 



It is a simple exercise to check that Abi is a solution of (1.13). 

Now, we reproduce verbatim a paragraph from section 2 in [13] (a similar discussion 
appeared earlier in [5]). 

In perturbation theory one looks for a parity invariant solution of the self- 
duality equation by considering the Ansatz 

00 

A(u,u) = Yl C p*u P u q > C M = C qiP G E, (1.15) 

n=0 p+q=n 
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where n = p + q is the level of the coefficient C p>q . It turns out that for odd 
level the self-duality equation uniquely expresses all coefficients recursively. If, 
however, the level is even, the self-duality equation uniquely fixes the level-n 
coefficients G VA with p ^ q through those at lower levels, while C r>r remain 
undetermined. This means that a general solution of the self-duality equation 
involves an arbitrary real analytic function of one real argument, f(uu). 



Given a real analytic function 

oo 

/(uw) = ^C r , r (uuf, (1.16) 



r=0 



the self-duality equation (1.13) uniquely determines the entire self-interaction (1.15). This 
means that there exists a one-to-one map tt : f(cocu) —> A(u, u), where A (a;, u) corresponds 
to a duality-invariant theory. In other words, the duality-invariant theories can be formu- 
lated in terms of the function f(uu>). This is actually the same function which appears 



within the Ivanov-Zupnik approach, eq. (1.9). Their approach is essentially a scheme to 



formulate self-dual theories in terms of such a real function, fiz(x), uniquely related to 



f{x) in (1.16). 



Recently, there has been a revival of interest in the duality-invariant dynamical systems 
[26] |23 HS1 [28] inspired by the desire to achieve a better understanding of the UV prop- 
erties of extended supergravity theories. The authors of [23, 123 US] have put forward the 
so-called "twisted self-duality constraint" as a systematic procedure to generate duality- 
invariant theories. However, it has been demonstrated [29] that the non-supersymmetric 
construction of [261 EZl US] naturally originates within the more general approach previ- 
ously developed in [2U [25] . Specifically, the twisted self-duality constraint correspond to 
an equation of motion in the approach of [24, 25J. 

The authors of [28] studied perturbative solutions of the Af = 2 supersymmetric self- 
duality equation [16J by combining the perturbative analysis of [2] with the idea of twisted 
self-duality. In the present paper, we give Af = I and Af = 2 locally supersymmetric 
extensions of the Ivanov-Zupnik approach. In the rigid supersymmetric limit, our results 
provide an off-shell extension of the approach pursued in 



This paper is organized as follows. In section 2 we give a brief summary of self-dual 
models for Af = 1 supersymmetric electrodynamics coupled to supergravity. Here two off- 
shell realizations for Af = 1 supergravity are used: the old minimal formulation J30J [31] 
and the new minimal formulation [32J. In section 3 we develop a novel description of 
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the Af = 1 supersymmetric duality-invariant theories [HJJ [HI [21] that makes use of an 
auxiliary covariantly chiral spinor superfield and its conjugate. Section 4 is devoted to 
a novel description of the Af = 2 supersymmetric duality-invariant theories [T6l [HJ [22] 
that employs an auxiliary covariantly chiral scalar superfield and its conjugate. A few 
concluding comments are given in section 5. The main body of the paper is accompanied 
by two technical appendices devoted to aspects of the superspace differential geometry of 
Af = 1 and Af = 2 supergravities. 

2 Duality rotations in J\f = 1 supersymmetric nonlin- 
ear electrodynamics 

Unless otherwise specified, in this and the next sections we use the old minimal for- 
mulation for Af = 1 supergravity. Our notation and conventions mostly follow [33] (which 
are similar to those adopted in [34]) with the only exception that we use different symbols 
for the full superspace and for the chiral integration measures. A summary concerning 
the Wess-Zumino superspace geometry is given in Appendix A. 

Consider a theory of an Abelian Af = 1 vector multiplet in curved superspace generated 
by an action S[W, W\. The covariantly chiral spinor field strength W a and its conjugate 
Wa are defined as 

W a = - l - (V 2 - AR)V a V , W« = - l -{V 2 - m)V & V , (2.1) 

in terms of a real unconstrained prepotential V. The field strengths W a and W& obey the 
Bianchi identity 

V a W a = V & W & . (2.2) 

In many cases S[W, W) can unambiguously be defined as a functional of an unrestricted 
covariantly chiral superfield W a and its conjugate Wa^\ Then, defining 

iM a :=2j^S[W J W] , (2.3) 
the equation of motion for V is 

V a M a = V^M* . (2.4) 

2 As pointed out in OH!], this is always possible if S[W, W] does not involve the combination T> a W a 
as an independent variable. 
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Here the variational derivative SS/5W a is defined by 

5S= [ d 4 xd 2 6£5W a -^i- + c.c. , (2.5) 

where £ denotes the chiral integration measure, and W a is assumed to be an unrestricted 
covariantly chiral spinor. 



Since the Bianchi identity (2.2) and the equation of motion (2.4) have the same func- 
tional form, one may consider U(l) duality rotations 

8W a = XM a , SM a = —XW a , (2.6) 

with A a constant parameter. The condition for duality invariance is the self-duality 
equation 



Im 



J d 4 xd 2 6s{w 2 + M 2 } = , (2.7) 



in which W a is chosen to be an unrestricted covariantly chiral spinor. 

For any vector multiplet model S[W, W], one can develop a dual formulation. This is 
achieved by introducing the auxiliary action 

S[W,W,W D , W B ] = ~J d 4 xd 2 9 £W a W Da + c.c. + S[W,W] , (2.8) 

where W a is now an unrestricted covariantly chiral spinor superfield, and W-o a the dual 
field strength 

W Da = -^(V 2 -AR)V a V D , V D = V D , (2.9) 

with Vc, a dual gauge prepotential. This model is equivalent to the original model, since 
the equation of motion for Vq implies that W satisfies the Bianchi identity (2.2) and 
the action (2.8) reduces to S[W, W}. On the other hand, under quite general conditions 
on the structure of S[W, W], one can integrate out from S[W, W, Wb, Wb] the auxiliary 
variables W a and W& and end up with a dual action Sd[Wd,Wd]- By construction the 
models S[W, W] and ^[W, W] are related to each other by a Legendre transformation. 



If S[W, W] is a solution of the self-duality equation (2.7), then the dual action has the 
same functional form as the original action, 

3 D \W,W] = S[W,W] . (2.10) 

Therefore the theory is self-dual under the superfield Legendre transformation. 
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The most general self-dual model with no more than two derivatives at the component 
level was constructed in the rigid supersymmetric case in [16] and extended to supergravity 
a few years later in [21] . The corresponding action has the form 



S< 



SED 



J / d 4 xd 2 9S W 2 + c.c. + i / d 4 xd 2 9d 2 9EW 2 W 2 A(n. a) 



where 



u :-- 



-(V 2 -AR)W 2 



For this model the self-duality equation (2.7) amounts to 



Im / d /k xd 2 9d 2 9EW 2 W'\Y -uY 



2w2 







Y:=d u {uA) 



(2.11) 



(2.12) 



(2.13) 



In this equation the covariantly chiral spinor W a has to be completely arbitrary, and 
therefore we conclude that 



Im^r -aP 







(2.14) 



The component structure of the theory (2.11) was studied in |35j. In the rigid supersym- 
metric case, the bosonic sector of (2.11) was originally analyzed in [T3]. Upon switching 
off the auxiliary field of the vector multiplet, D = 0, which always is a solution of the 
corresponding equation of motion, the bosonic action reduced to that describing self- 
dual nonlinear electrodynamics. The self-interaction A, which determines the bosonic 



Lagrangian (1.12), coincides with that appearing in the supersymmetric action (2.11), see 



[14"] [33] for more details. 



in 



The supercurrent multiplet corresponding to the self-dual theory (2.11 ) was computed 
and shown to be duality- invariant. 



The action (2.11) describes supersymmetric nonlinear electrodynamics in old minimal 
supergravity. The model can also be coupled to new minimal supergravity [32] or to 
non-minimal supergravity [321 EZ| ■ Here we recall, following [21] , how this is achieved in 
the case of new minimal supergravity. 

As is known, each off-shell formulation for M = 1 supergravity can be realized as 
a super- Weyl invariant coupling of old minimal supergravity to certain compensator (s) 
[33] 138] 139] . Super- Weyl transformations [10] are local scale and U(l) transformations of 
the covariant derivatives of the form 



1 



8 a V a = (a- i-a)V a + (V p a)M, 



a/3 , 



S ff V & = {a-^a)V & + {V p a)Mg & , (2.15) 
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with a an arbitrary covariantly chiral scalar parameter, T>a<y = 0. The compensator for 
new minimal supergravity is a real covariantly linear scalar L, 

(V 2 -4R)L = , L = L , (2.16) 

which is required to be nowhere vanishing. Its super- Weyl transformation law is 

5Ju = (a + a) L . (2.17) 

Recalling the super- Weyl transformation of W a , 

S„W a =^aW a , (2.18) 



one may see that the following combination 



W 2 

{V*-AR)( V jj) (2.19) 



is super- Weyl invariant. This implies that the vector-multiplet action [21] 
S\W,W,L] = ^J dV^W 2 + c.c. 

is super- Weyl invariant. Moreover, it is not difficult to check that S\W, W, L] solves 



the self-duality equation (2.7). The action (2.20) described self-dual supersymmetric 



electrodynamics coupled to new minimal supergravity. 

3 New realization 

We now turn to presenting a new formulation for the self-dual models of the Af = 1 
vector multiplet described in the previous section. This representation is inspired by the 
non-supersymmetric construction of 



3.1 General setup 

Consider an auxiliary action of the form 

S[W,W,ri,fj] = J d 4 xd 2 9£{r]W-^-\w 2 }+c.c. + e int [r],fj} . (3.1) 



Here the spinor superfield r] a is constrained to be covariantly chiral, T>^f] a = 0, but 
otherwise it is completely arbitrary. By definition, the second term on the right, (5mt[?7, v], 
contains cubic, quartic and higher powers of r\ a and its conjugate. 

The above model is equivalent to a theory with action 

1 



S[W, W} = ^ I d A xd 2 6£W 2 + c.c. + S iDt [W, W] 



(3.2) 



describing the dynamics of the vector multiplet. Indeed, the equation of motion for r] a is 



W a = r] a - —G int [r],r]] . 



(3.3) 



In perturbation theory, this equation can be used to express r) a as a functional of W a and 
its conjugate, r\ a = ty a [W,W]. Plugging this functional and its conjugate into the action 



(3.1 ), we end up with some vector-multiplet model of the form (3.2). As a result, we have 



two equivalent realizations of the same theory, in terms of the action (3.1) or in terms of 
S[W,W]. 



Suppose S[W, W] is a solution of the self-duality equation (2.7). We need to understand 



what the implications of self-duality are on the structure of (3.1 ). Let us compute M a by 
using the two actions S[W, W, r], fj] and S[W, W\. 

S 



iM a :=2 — S = 2 Va -W a 
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(3.4a) 
(3.4b) 



= w ° + 2 swz Sb *y v > w] - 

Now, if we make use of the equation of motion for rj, eq. ( 3.3[ ), the self-duality equation 



(2.7) turns into 



im J d 4 xd 2 es v a -^eint{v,v] = o . 



(3.5) 



This condition means that the self-interaction &- m t[rj, rj] is invariant under rigid U(l) phase 
transformations of r\ a and its conjugate, 



&int[e ltp V, e llf v] = ©tat [vM 



(3.6) 



The duality rotation (2.6) acts on the chiral spinor i] a = \{W a + iM a ), eq. (3.4a), as 

5r] a = -i\i] a . (3.7) 



From (3.4a) and (3.4b) we have 



Va = W a + 



8W< 



-S int [W,W] 



(3. 
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This relation allows us to express W a as a functional of rj a and its conjugate, W a 



W a [rj, 77], and then reconstruct the self-interaction G- m t[rj, rj\ starting from the action (3.2). 

Given a manifestly U(l) invariant self-interaction &- mt [r], fj], we can construct a duality- 
invariant theory S[W, W] by starting for the action (3.1) and then integrating out the 
auxiliary variables r/ a and fja- 



Suppose that S[W, W] is self-dual under Legendre transformation, eq. (2.10). In terms 
of the auxiliary action ( 3.1[ ) this condition proves to be equivalent to 

6int[i?7, -ifj) = &- m t[v,v] ■ (3-9) 

We see that the self-duality under the superfield Legendre transformation is equivalent to 
the fact that the self-interaction © int [r7,?7] is Z4 invariant. 

In general, self-duality under a Legendre transformation is known to be a pretty mild 
condition 



3.2 Two-derivative models 



We now turn to duality-invariant supersymmetric theories with at most two derivatives 
at the component level. Consider an auxiliary action of the form 



d 4 xd 2 9£^7]W - -rf - -W 2 } + c.c. 



+ - / d i xd 2 6d 2 6Erfrf$(v } v) 



where 



1 



v :- 



(V 2 - AR)rf 



(3.10) 



(3.11) 



and $(v,v) is a real analytic function. We would like to integrate out from (3.10) the 



auxiliary spinor variables rj a and rja in order to bring the action to the form (2.11). The 
equation of motion for r] a is 



I r„ = 1 + \{V 2 - AR) \rf (d +\{V 2 - AR) {r, 2 d v $) 



Its immediate implications are 

T]W = T] 2 

W 2 = if 

W 2 W 2 = rfff 



l + -(V 2 -4R){f)*d v (v$) 



1 + 8 V (VV3) l + dv(vV$) 



(3.12) 

(3.13a) 
(3.13b) 
(3.13c) 
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Eq. (3.13b) implies that 



u « v [1 + ^(wJJ)] 1 



(3.14) 



Here and below, the symbol ~ is used to indicate that the result holds modulo terms 
proportional to r\ a and fj& (or, equivalently, to W a and Wo). 



The identities (3.13) may be used to derive several integral relations 



d 4 xd 2 6£W 2 = j d 4 xd 2 9£rj 2 

- J d A xd 2 6d 2 9 Erj 2 fj 2 {d v {v$) + h{d v (v$) 
d 4 xd 2 e£r]W = J d 4 xd 2 9d 2 £ r] 2 - ^ J d A xd 2 6d 2 d Er] 2 fd v {v$) 



With the aid of these relations, the action (3.10) takes the form 

^ j d 4 xd 2 6£W 2 + c.c. + ^ j d 4 xd 2 6d 2 6EW 2 W 2 A{u,u) 



S[W, W] 
where we have introduced 

A(u, u 



$ + v[d v (v$)} 2 + v[dy(v$)] 2 

[l + d v (vv5)] 2 [l + dv(vv$)f 



(3.15a) 
(3.15b) 

(3.16) 
(3.17) 



The right-hand side of (3.17) is uniquely determined in terms of 5 and its partial deriva- 



tives. In order to read off the function in the left-hand side of (3.17), we have to know 



the expression for u as a functional of v and v which, in accordance with (3.13b), is quite 
complicated: 



u 



{V 2 — AR) ( r) 



l + ±(V 2 -4R){fj 2 d v (v$)} 



(3.18) 



However, since A(u, u) appears in the action (3.17) multiplied by W 2 W 2 , when evaluating 



A(u,u) we can replace (3.14) with the "effective" relation u = v[l +d v (vv$)] 2 . The latter 
allows us to express v in terms of u and u, and therefore to read off the function A(u, u) 



in (3.18). 



Now we have to learn how to carry out an inverse transformation, that is how to 



reconstruct the self-coupling $(v,v) starting from the action (3.16). Making use of the 



action (3.10) leads to (3.4a), and hence 

Va = \{W a + \M a ) 



(3.19) 



11 



On the other hand, we may compute M a , eq. (2.3), from the action (3.16). 



iM a = W a \l- h(D 2 - 4R) W 2 (a +\(P 2 - 4i2) (W 2 d u A) 
Combining the two results, we obtain 

va = w a ( i - \{v 2 - m) \w 2 (a + \{V 2 - AR) (W 2 d u A) 



(3.20) 



(3.21) 



An important result may be seen by comparing the relations (3.12) and (3.21). We obtain 

[1 - d u {uuA)] [1 + d v (vv$)] « 1 . (3.22) 



There are three simple implications of (3.21): 

1 



1 + -(V 2 -4R)\W 2 d u (uA) 



1 



V W = W z 

V 2 = W 2 

W 2 W 2 [1 - d u {uuA)] 2 [l - duiuuA 



(V 2 -4R){w 2 d u (uA) 



2-2 
7] 7] 



These results lead to 



v m u[l — d u (uuA)] 2 . 
v[l + d v {vv$)\ w u[l - d u (uuA)] . 



(3.23a) 

(3.23b) 
(3.23c) 



(3.24a) 
(3.24b) 



Due to (3.22), the relation (3.13b) is equivalent to (3.23c). The relations obtained allow 



us to restore the self-interaction 



A-u[d u (uA)] 2 -u[d u (uA)} 2 
[l-d u (uuA)] 2 [l-d u (uuA)\ 



(3.25) 



Starting from the action (3.16), it is now trivial to restore the self-interaction $(v,v) by 
making use of eq. (3.25) in conjunction with the effective relation v = u[l — d u (uuA)} 2 . 



It is instructive to compare the functional forms of the transformation A(u,u) — > $(v,v), 



eq. (3.25), and its inverse (3.17) 



The last point to analyze is U(l) duality invariance. Suppose that the action (3.16) 



is a solution of the self-duality equation (2.7). Using the above relations, one may show 
that 



W 2 W 2 (T - uT 2 ) = ri 2 fi 2 ($ + vd v $) . 



(3.26) 
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Therefore, the self-duality condition (2.13) is equivalent to 

(vd v - vdeft = ^ 3(v, v) = f(vv) . (3.27) 

We conclude that the self-interaction $(v,v) must be invariant under the U(l) transfor- 
mations (3.7). 



The model (|3.10|) can naturally be coupled to new minimal supergravity. For this we 

(3.28) 



postulate the super- Weyl transformation of r\ a to be (compare with (2.18)) 

3 



and replace the action (3.10) with 

s\w,w,v,fj,U = 



d 4 xd 2 9 £\r]W - -7] 



1 2 Vkcc 



+- 



dxd °d6E—Z(-,- 



(3.29) 



This action is obviously super- Weyl invariant. 



4 Duality rotations in J\f = 2 supersymmetric nonlin- 
ear electrodynamics 

Finally, we give a new realization for the duality-invariant M = 2 supersymmetric the- 
ories presented in [161 E2j. The superspace formulation for M = 2 conformal supergravity 
developed in jl2] is used throughout this section. 

We denote by S[W, W] an action functional which generates the dynamics of an M = 2 
vector multiplet. The Abelian vector multiplet coupled to M = 2 conformal supergravity 
can be described by its covariantly chiral field strength W, 

V M W = 0, (4.1) 

subject to the Bianchi identity 

f v v + 4^ w = (f)ii + w ? (42) 

where V ij := TP^dS and V ij := V^V^; S ij and its conjugate S {j = E ik EjiS kl are 
special dimension-1 components of the torsion, see Appendix B. In the flat superspace 
limit, the Bianchi identity reduces to that given in 
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To realize W as a gauge-invariant field strength, we make use of a curved-superspace 
extension of Mezincescu's prepotential jH] (see also [IS]), V%j = Vji, which is an uncon- 
strained real SU(2) triplet, (V^)* = V 1 ^ = e lk e^ l Vu- The expression for W in terms of V!y 
was found in EBl to be 



(4.3) 



Here A is the covariantly chiral projection operator (B.4) 



Starting from the action S[W, W], we introduce a covariantly chiral scalar superfield 
M defined as 



iM := 4 



5W 



S[W, W] 



VmM = . 



In terms of M and its conjugate M, the equation of motion for is 



(4.4) 



(4.5) 



Here we have used the chiral integration rule (B.5). 



Since the Bianchi identity (4.2) and the equation of motion (4.5) have the same func- 



tional form, one can consider infinitesimal U(l) duality rotations 

8W = \M, 6M = -XW, 



(4.6) 



with A a constant parameter. The theory under consideration is duality invariant under 
the condition 



Im / d A xdWS W 2 + M 







In the rigid superspace limit, this reduces to the Af = 2 self-duality equation 



(4.7) 



All M = 2 locally supersymmetric theories, which solve the equation (4.7), are self-dual 
under a Legendre transformation [TBI 122] . 

At this point, an important comment is in order. We realize M = 2 Poincare supergrav- 
ity as a super- Weyl invariant coupling of conformal supergravity to certain compensators. 
In such an approach, any matter action, in particular S[W, W), must be super- Weyl in- 
variant, (Jo-S'fW 7 , W] = 0. In the case of duality-invariant theories, the self-duality equation 



(4.7) has to be super- Weyl invariant. Let us check that this is indeed true. Under the 



super- Weyl transformation (B.3), W varies as [32 



8„W = aW . 



(4.t 
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This is induced by the following variation of Mezincescu's prepotential [22J : 

5 a V tJ = -{a + a)V i3 . (4.9) 



Making use of (4.8) and the super- Weyl transformation of the chiral density 

5 a 8 = -2a£ , (4.10) 

we obtain the super- Weyl transformation of M: 

5 a M = aM . (4.11) 

Since the chiral scalars W and M have the same super- Weyl transformation law, the 
duality rotation (4.6) is well defined. 

We are interested in developing an alternative formulation for the theory described by 
S[W, W\. For this we consider an auxiliary action of the form 

S[W, W, V ,f}] = ^J d A xd*6£{ V W - l -r, 2 ~\w 2 ]+ c.c. + e int { V ,f}] , (4.12) 

in which the scalar superfield 77 is only constrained to be covariantly chiral, f> ^rj = 0. 
Here ©i nt contains terms of third and higher orders in powers of r] and its conju- 
gate. We require S[W, W, r), fj] to be super- Weyl invariant, and therefore the super- Weyl 
transformation of rj is 

5 aV = or] . (4.13) 

For (5 int [77,77] to be super- Weyl invariant, 

<M5int[r?,r7] = , (4.14) 

it may explicitly depend on the supergravity compensators. Consider the equation of 
motion for 77: 

W = r 1 -2^e int [ V ,f}] . (4.15) 

In perturbation theory, this equation may be used to express 77 as a functional of the field 
strength W and its conjugate, 77 = rj[W, W]. As a result, we end up with the action 

S[W, W] = S[W, W,rj,fj] =1 [ d 4 xd 4 9 E W 2 + c.c. + S int [W, W] , (4.16) 

ri='q[W,W] 8 J 

which describes the dynamics of the vector multiplet. 
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Now, we have two expressions for M derived from the actions (4.12) and (4.16): 



iM = -W + 2r] 



W + 4—S int [W } W] . 



An important corollary of eqs. (4.17a) and (4.17b) is 



V = W + 2— S- mt [W,W] . 
oW 



(4.17a) 
(4.17b) 

(4.18) 



This relation may be used to determine W^asa functional of 77 and its conjugate, W = 
W[rj, fj], and then reconstruct the self-interaction & int [rj, fj] starting from the action (4.16) 



Eq. (4.17a) tells us that r] = ^(W + iM), and hence the duality rotation (4.6) acts on 
rj by the rule 



5r] = —i\r] . 



(4.19) 



Making use of the relation (4.17a) and the equation of motion for rj, (4.15), one may 
that the self-duality equation (4.7) is equivalent to 



sec 



Im [ d^xd^OS r]-^-& int [r],r]] = 
J or] 



(4.20) 



This means that the self-interaction @i nt [77,77] is invariant under the rigid U(l) transfor- 
mations (4.19). 



Given an arbitrary real functional ©; nt [?7,?7] = (9(|?]| 3 ) such that 
©intfe^e-^] = ©tattoo] , ^K, 



(4.21) 



eq. (4.12) defines a U(l) duality-invariant theory. This is the fundamental significance of 
the representation ( |4.12[ ). 



5 Concluding comments 

From the point of view of perturbative quantum theory, the important features of the 
new representation S[W, W] — > S[W, W, 77, ff\ are that (i) it can be carried out under a 
path integral; (ii) it makes the action at most quadratic in the physical vector multiplet 
and shifts all self-interaction to the sector of auxiliary chiral variables 77 and f). Within the 
background-field method applied to S[W, W, 77, 77], we can integrate out the physical vector 
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multiplet without losing duality invariance (ignoring the issue that models for nonlinear 
electrodynamics are non-renormalizable). For a recent discussion of duality symmetry in 
perturbative quantum theory see [37] . 

The novel representation for duality-invariant Af = 2 supersymmetric theories pre- 
sented in section 4 may be useful for the construction of an Af = 2 supersymmetric 
Born-Infeld action. The perturbative scheme to derive such an action was formulated in 
[H]. The Af = 2 Born-Infeld action should be (i) self-dual; (ii) reduce to the Af = I su- 
persymmetric Born-Infeld action [T7j under Af = 2 — > Af = 1 reduction; and (hi) possess 
a rigid shift symmetry of the form 

W->c + 0(\W\) , ceC, (5.1) 

where the field-dependent part should be consistent with (the rigid version of) the Bianchi 



identity (4.2). If we work within the representation (4.12), the condition (i) is easy to 



implement. However, the condition (hi) remains highly non-trivial. In this formulation, 



the shift symmetry (5.1) turns into 

W^c + 0(\r)\) , r)^c + 0(\r]\) . (5.2) 
It would be really interesting to revisit the problem of constructing the Af = 2 Born-Infeld 



action by using the representation (4.12). 



In conclusion, we wish to emphasize that the approaches developed [HI [16] and [2H [22] 
apply to arbitrary rigid and locally supersymmetric duality invariant theories. This is in 
stark contradistinction with the bosonic approaches of 0, [3 |8] which literally apply only 
to the theories without higher derivatives, i.e. when the Lagrangian does not involve 
derivatives of the field strengths, L = L{F ab ). An extension of the formalism of [3 [7J [8] 
to the case of Af = duality invariant theories with higher derivatives trivially follows 
from the Af = 1 supersymmetric approach of |16j . To derive such an extension, one may 



start from the rigid version of the Af = 1 supersymmetric self-duality equation (2.7) and 
switch off all the fermionic and auxiliary fields. This will lead to the following self-duality 
equation for an electromagnetic field theory with action S[F] 



d 4 x\G ab G ab + F ab F ab \=0, (5.3) 



where we have defined 



G4f]=2§3. (5.4) 
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In these relations F a b has to chosen to be an arbitrary bivector, F a b = —F^ a , which is 
not subject to the Bianchi identity. In the case of theories without higher derivatives, 
S[F] = f d 4 xL(F), the self-duality equation (5.3) is equivalent to (1.2). Ref. [H] clearly 
sketched the steps leading to the equation (5.3) (at the end of section 2), although this 
equation was not given explicitly. It appears that it had escaped the attention of the 
authors of the recent publication [15] that the procedure which leads to eq. (5.3) was 
already outlined in [13] . 
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A The Wess-Zumino superspace geometry 

The superspace geometry is described by covariant derivatives of the form 

V A = (V a , V a , V") =E A + Q A . (A.l) 

Here E A denotes the inverse vielbein, E A = E a m 8m, and Q A the Lorentz connection, 
Q A = Q^Mfr + Q A ^M&., with Mg 7 and Ma- the Lorentz generators. The covariant 
derivatives obey the following anti-commutation relations: 

{V a ,V & } = -2iV a& , (A.2a) 
{V a , V p } = -ARM aP , {VtoVfi} = ARM^ , (A.2b) 
[V & ,V p$ ] = -ie & p(RV p + GfV*, - (^G/)% + 2W^ 5 M^ - i(V R)M &$ , (A.2c) 
[V a ,V 0$ ] = ie aP [RV p + G^V 1 - {V^G 5 ^)M lS + 2Wf t M^ + i(V^R)M afi . (A.2d) 

Here the torsion tensors R, G a = G a and W a ^ = W( a p 7 ) satisfy certain Bianchi identities 
[331 [31] • In particular, R and W a p 7 are covariantly chiral. 

The chiral integration rule in M = 1 supergravity is 

J d 4 xd 2 6d 2 6EU = ~ J d 4 xd 2 6 S(V 2 -AR)U , E' 1 = Ber(E A M ) , (A.3) 
with £ the chiral density. 
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B M = 2 conformal supergravity 



In this appendix we give a summary of the superspace formulation for M = 2 conformal 
supergravity developed in [42J. 

The structure group is chosen to be SL(2,C) x SU(2), and the covariant derivatives 
V A = {V a ,V i a ,Vf) read 

V A = E A + $/% + Qa M M m + tt A h M h . (B.l) 

Here Jjy are the generators of the group SU(2), and $> A kl the corresponding connection. 

The spinor covariant derivatives obey the anti-commutation relations jl2] 

{V l a , V j p } = AS ij M aP + 2e«e a/J r*M 7 , + 2e^e afi W^M. h 

+2e a ^S kl J kl + AY aP JV , (B.2a) 

{V?,f>P} = -ASijM^ - 2e ij e^Y A/S M.g - 2e i3 e^W^M^ 

-2e y e^5 w J fc , - 4^ J fj , (B.2b) 

{Z£, Pf} = -2i5i((T c )/P c + 45jG^M aS + 45}G a7 M^ + SGjj^ . (B.2c) 

Here the real four- vector G a(i , the complex symmetric tensors = W aj 3 = Wp a , 
Y a p = Yj3a and their complex conjugates SV,- := S^, := W a p, Y^ := obey 



additional differential constraints implied by the Bianchi identities 

An infinitesimal super- Weyl transformation of the covariant derivatives jl2] is 



5 a Vi = l -oV a + (V^a)M ja - (V ak a)J kl , (B.3a) 
= l -aV M + CPV ).U. V , + {Via) J kl , (B.3b) 

where the parameter a is an arbitrary covariantly chiral superfield, T>f a = 0. 
The covariantly chiral projection operator [19] is 

= ~ (V 13 {V^ + 16^') - V. (V^ - 16Y^ , (B.4) 

where T> a ^ := f> k a T>^ k . The fundamental property of A is that AU is covariantly chiral, 
for any scalar and isoscalar superfield U, that is T)fAU = 0. This operator relates an 
integral over the full superspace to that over its chiral subspace: 

J d 4 x d 4 6 d 4 6EU = J d 4 x d 4 9 £ AU , E- 1 = Bei(E A M ) , (B.5) 

with £ the chiral density. A derivation of (B.5) is given 
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